By the Bogoliubov prescription and the method of Gross and Pitaevskii in quantum field theory, the relativistic almost ideal Bose-Eintein gas at zero temperature is discussed. Special attention is given to the study of a vortex in the gas. The field description and fluid approximation are compared.
Introduction
Bose-Eintein condensation (BEC) in a dilute gas was observed for the first time in 1995. Since this date, which can be considered a milestone in the condensed matter, a vast literature has appeard, dealing with the many issues that arise in the non relativistic context. See for example the extensive review articles by Dalfolvo et al [1] and, more specially on the vortices, by Fetter and Svindzinsky [2] . An almost ideal Bose gas at zero temperature is remarkably described by the Gross-Pitaevskii equation [3, 4, 5] which governs the evolution of the macroscopic wave function (the order parameter) characterising the condensate.
Relativistic work in BEC, using quantum field theory, did not begin before 1980 [6, 7, 8, 9, 10, 11, 12, 13] In the quoted papers the euclidean-time functional integal formalism is used except the last in which a non interacting Bose gas is considered in canonical quantisation.
The present paper provides a relativistic treatment of the almost ideal Bose gas (that is a weakley interacting Bose gas) at zero temperature. Using the canonical formalism and the Bogoliubov prescription [14] we obtain, when we can neglect the production of antiparticles, a relativistic Gross-Pitaevskii equation that leads to the relativistic fluid description of the condensate and vortices .
These last years, relativistic vortices have been studied particularly in the context of the field theory. An interesting issue involves the similarities and differences between global strings and relativistic superfluid vortices [15, 16, 17, 18, 19] .
In the present paper we focus on a vortex in a relativistic almost ideal Bose gas. Therefore we note that the potential does not exhibit spontaneous symmetry breaking. Of course Relativity does not seem very appropriate in the laboratory experiments on the trapped gases but could be relevant in astrophysics or in cosmology in the dark matter problem [20] or for the inflationary universe [21] .
The plan of the paper is the following. In Sec.2 we start with a quantum field representing the weakly interacting relativistic particles of the Bose gas. By the usual procedure (cf. for example [1] ), using the Bogoliubov approximation, we obtain a classical field equation which represents the motion of the condensate of the almost ideal gas at zero temperature. In Sec.3 we give the equivalent hydrodynamics form of the equation of the condensate and the approximation by a perfect isentropic irrotational fluid in the formulation of Lichnerowicz [22] . In Sec.4 the cylindrical stationary solution(that is a vortex) is studied. We begin with the exact solution in the approximate fluid theory and compare with an asymptotic solution of the exact theory which give us confidence in the validityof the fluid approximation. Finally in Sec.5 we conclude and suggest new directions of inquiry.
Along this article the signature of the metric is (− + ++) and c =h = 1.
Relativistic Gross-Pitaevskii equation
Let us begin our discussion by considering a non-Hermitian scalar fieldψ(x). The field described by such an operator corresponds to spin-0 bosons. Let us note that non-Hermitian quantum field can describe particles with or without electric charge. Here the particles are not electrically charged. If we suppose that the system is enclosed in a box of volume V , the field can be expanded in a Fourier serieŝ
where ǫ 0 is a constant which whose precise value will be fixed below. The operators a p , b p and their conjugates a 
The other commutators vanish. Let us note (cf. Lee [23] ) that the Fourier expansion (1) and the commutation relations (3) are valid also for interacting fields. Of course in this case a p and b b and conjugates can have a complicated time dependence in contrast to free fields where these operators are time independant if we choose for ǫ 0 the mass m of the free particle.
Working with gases of bosons at low energy we can ignore the antiparticles, there is no creation or destruction of antibosons. We can suppress the operators b p and b + p and write the field and its conjugate in the form
Let us emphasize that if the temperature were T > 2m such an approximation would be impossible but in this paper the temperature will be always zero. We consider (4) and (5) and the commutation relations (3) of a and a + as describing a phenomenological boson field analogous to the quantum field in non relativistic second quantification which can be taken as the starting point of the Gross-Pitaevskii equation [1, 2] .
Let us now consider the Lagrangian density
The last term represents the interaction between particles. The coupling constant λ is positive so that the interaction is repulsive, the constant m 2 is also positive and represents the squared mass of the particle.
If the constant λ is small the lagrangian (6) can describe a weakly non ideal relativistic gas. If λ = 0 the field is free and can represent an ideal gas. At temperature T = 0 an ideal gas of N particles (N is a macroscopic number) is such that all the particles are in the condensate, N 0 = N. For a weakly non ideal gas at T = 0, almost all the particles are in the condensate, N 0 ≈ N. Hence following the Bogoliubov approximation [14] we can neglect, for the ground state, the commutator [a 0 , a 
For an ideal Bose gas at T = 0 in a box of volume V Bose-Einstein condensation occurs in the single particle state having zero momentum. The field
is a classical function.
For an almost ideal gas in the same conditions, the field of a uniform gas can be decomposedψ
where the classical field
represents the condensate of the particles of zero momentum and the operatorψ ′ referring to the remaining non condensed particles is considered as a small perturbation.
Let us note that we have not fixed the arbitrary constant ǫ 0 . If the density
is constant, we can fix ǫ 0 so that φ 0 given by (10) is a classical solution of the lagrangian (6) , that is
In fact a change in the constant ǫ 0 implies a canonical transformation between the operators of annihilation and creation [23] .
The generalisation of the Bogoliubov approximation to the case of non uniform and time dependent configurations is given (as in the non relativistic case [1] ) bŷ
For macroscopic N 0 ≈ N the classical field associated with the condensate is given by the the expectation value of the quantum field φ =<ψ > To leading order the Bogoliubov approximation omit the quantum perturbationψ ′ yielding from (6) the classical lagrangian
with potential
from which we obtain finally what appears as the relativistic Gross-Pitaevskii equation:
for the condensate wavefunction φ(x).
Let us comment this result. The equation (16) was expected since the classical field theory is an approximation of the quantum theory. Let us note that the potential (15) is not the potential leading to a spontaneous broken symmetry. In [24] Davis shows the relation between the field theory of the lagrangian (14), (15) and the Ginzburg-Landau theory, symmetry breaking in the groundstate of a condensed matter system is quite different from that which occurs in relativistic theory with spontaneously broken vacua.
The relativistic construction of the Gross-Pitaevskii equation by the Bogoliubov approximation yields an useful link between the quantum representation of the condensate and its relativistic fluid description as it will be shown in the next section.
To end this section let us note that we have replaced the usual trap potential by a box of volume V as large as we want and that it is easy to introduce a gravitational interaction in the equation (16) by extention to curved spacetimes.
Quantum-Hydrodynamics description of the condensate
It is instructive to represent the equation (16) in an equivalent hydrodynamics form. For this purpose we write the condensate wave function in term of modulus and phase.
with
Below it will appear that n(x) is the proper density of the particles and h(x) the enthalpy per particle in the fluid approximation. The expression (18) can be suggested by the homogeneous solution of the equation (16) quoted in the last section:
is the constant density and ǫ 0 an energy dimension constant fixed by the relation (12) . This solution is normalised as
The 4-current is given by
The 4-gradient ∂ µ S can be written as a covector C µ in terms of a unit 4-vector u µ :
hence from (18) the 4-current j µ take the hydrodynamics form:
where we interpret n (if it is positive) as the proper density and u µ as the velocity 4-vector of the fluid.
From (22) we deduce also
and
Substituting (17) into the field equation (16), the imaginary and the real part yield respectively
with the derivative
Equations (26) and (27) are equivalent to equation (16) . Equation (26) is the familiar continuity equation
In equation (27) the first term
is a quantum term that we can neglect to first approximation if √ k varies slowly as compared with S. This term is analogous to the "quantum pressure"h
in the non relativistic theory [1] . It is interesting to look first at this approximation. The equation (27) takes the form
hence we have
which combined with (25) gives
This relation n(h) is identical with the relation n 0 (ǫ 0 ) given by (12) , but (32) is valid within the approximation considered here. The equations (24), (25), (29) and
are the relativistic equations of a perfect isentropic irrotational fluid [25] in the formulation of Lichnerowicz [22] .
The nature of h is now clear. It is the enthalpy per particle (with the mass energy m included). The equation (32) is the equation of state which is automatically imposed.
If the quantities ρ and p designate respectively the proper energy density and the pressure, the enthalpy per particle can be written
Since the entropy is zero we have dp = ndh (35)
The equations (34) and (35) define p and ρ in function of h and n. (35) combined with (32) can be integrated:
The velocity of sound v = dp/dρ is given by
We remark that v 2 → 1/3 when m → 0 which is the the correct ultrarelativistic limit. The expressions(34) and (36) can also be obtained by identifying the energy-momentum tensor of (14) (in which the derivatives ∂ µ √ k are neglected), that is
with the perfect energy-momentum tensor. Finally we notice that the approximate equations can be obtained from a generic Lagrangian proposed by Carter [26] to describe the irrotational fluid in a condensate:
In our case:
4 Cylindrical vortex
Vortex solution of the fluid approximation
It is convenient to begin with the approximated theory governed by the equations (24), (25), (29) and (33) with the equation of state of the fluid (32). We know (see for exanple [25] ) that in cylindrical coordinates
a stationary cylindrical solution is given by
where E, L, M are the three constants associated with the three symmetries. By a Lorentz transformation along z we can always choose L = 0 and have a circular flow.
The enthalpy h is a function of r given by
The equation of state of the fluid (32) yields two values h = 0 and h = m for which n vanishes. When we move from the exterior toward the center of the vortex, h(r) is decreasing; h is always larger than m, so n vanishes first at h = m which determines the radius
of the core of the vortex. Below this value n becomes negative which is meaningless in this approximation of classical fluid. Let us observe that with a familiar polytropic equation of state the core is empty, n is zero. The sound velocity vanishes also on the radius r 0 .
We shall now suppose for simplicity that we have a circular flow with L = 0. Using (32), (42), (43), we write the wave function of the vortex of the approximate equations:
where we have suppressed an undetermined constant phase.
To make this wave function single-valued, M must be an integer noted ν. The domain of validity of (44) is r ≥ r 0 where
is the core radius for ν = 1.
The length r 0 sets the limit below which we cannot neglect the effect of the quantum term.
Vortex solution of the exact theory
A vortex solution of the exact equations (26) and (27) must verify (24) , (25), (29) and (33) whose stationary cylindrical solution is always given by (42) and (43). The relation between n and h is no longer (32) but n is a function of r and k = n(r) 2h (r) is also a function of r. So the vortex φ = √ k exp iS is determined (with L = 0) by
and by the the differential equation for f (r) = √ k deduced from (27):
This type of equation has been discussed in literature many times (see for example [5] ). Analytical solutions are not kown, but it is easy to discuss its asymptotic properties r → 0 and r → ∞ and to compare with the solution of the fluid approximation.
The presence of the term ν 2 f /r 2 means that f (r) must tend to zero when r → 0 if the energy in the volume V has to be finite. For small r the cubic term 2λf 3 is the smallest and can be neglected, the solution is the Bessel function
as r → 0. As r → ∞ the first two terms of (47) cancel:
An approximation of the solution is obtained by matching the functions (48) and (49) and their derivatives. Let r = a 0 be the radius of the junction. The constant A is fixed by the continuity of f at r = a 0 (we are not concerned by this value) and a 0 by the continuity of the derivative df dr (a 0 ):
a 0 is given in term of the first zero of J ′ ν , let say z ν . For the winding number ν = 1,
The radius a 0 of the junction, which is naturally interpreted as the radius of the vortex, is given by
We observe that r 0 the radius of the core of the vortex in the fluid approximation and a 0 differ only in a numerical factor close to unity, they are typically of the same order of magnitude. The length scale a 0 ∼ r 0 is of the order of the so called "healing length" [1] . This result indicates that the fluid approximation is probably a good practical model for the study of the vortices in a relativistic Bose gas condensate.
Conclusion and Perspectives
This paper sheds some light on the relations between the quantum nature of an almost ideal relativistic Bose condensate and its phenomenological properties as a relativistic superfluid which can be summarized by the Lagrangian of Carter (39), (40).
The pleasant surprise is that the quantum origin of the description imposes inevitably the equation of state of the fluid (32) which gives an acceptable velocity of sound.
The study of a cylindrical vortex has shown that this equation of state make sense at the exterior of the core of the vortex whose the radius is grosso modo of the order of the healing length which marks the onset of the quantum effect. The similarity between the vortex solution of the exact equations and of the fluid equations gives confidence in these latter.
The fluid model will be useful to describe perturbations of a straight vortex. We shall study in a next paper the dynamics of the central line of the vortex in a little motion around the cylindrical solution. We shall see in particular that if the radius of the core is not too small, the helical Kelvin modes are the leading part of the motion of the central line of the vortex. We know that Kelvin modes exist also in global string considered as prototype of superfluid vortices [17] , [27] but without such a condition on the core radius. It will be interesting to analyse more closely the similarities and the differences between these two types of vortices.
